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1. INTRODUCTION

Let us denote by
—l =X, <xpy < <X, <X =11, a.n
the » distinct zeros of
ma(x) = (1 — x%) Pr4(x), (1.2
where P,(x) is the Legendre polynomial of degree n with the normalization
P,(1) =1 (1.3)

Let f(x) be a continuous function defined in [—1, +~1]. The Hermite inter-
polation polynomial based on the zeros of (1.2) is given by

L5 2] = Y, £ hutx) + z 2023, (1.4)
where
_ (1 — x?) P, (%) B
L(x) = — nr— D — xp) P’ k=1,2,..,n, (1.5)
h(x) = LAx), k =2,3.n—1, (1.6)
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hy(x) = [l n(n — l)(l )] L), (7
fy(x) == [1 - i('iL] 1) (1.8)

and
a{x) = (x — x) HGAx) k- 1, 2,..., n. (1.9)

Special cases of H,[/. x] are

R.[f, x| = Z Tl hylx). (1.10)
=1
Qi) = Y. Flx) b)Y i) o), (1.11)
L=1 i=1
and
Gulf x] = Z ) Iy(x) — Z Fv) ax). (1.12)

Fejér [5, 6] and Grunwald [7] considered these interpolatory polynomials.
R,[f. x]. Q,[f. x], and G,[f. x] interpolate f(x) at the knots (I.1), but
R,[f. x] has slope zero at all x,’s whereas Q,[f. x] has slope p;(x;) at and

G ,[f. x]} has there f'(x,) as slope.

The main object of this paper is to obtain quantitative estimates of H,
Lf. x] — f(x) which reflect both the pointwise behavior at the end points as
well as the dependence on the smoothness of the function along the lines of
the well-known estimates of Steckin [12] for the Fejér operator. Throughout
this paper ¢; denotes an absolute positive constant independent of # and x
which may vary throughout the text and even within a single statement.

Let ¢, [—1. —1] be the class of continuous functions on [—1. —1] for
which

w8) < cw(8), (1.13)

where w(8) is the modulus of continuity of fand «w(3) is a certain modulus of
continuity. We now state our main results.

THEOREM 1. Let f(x)ec,[—1, —1]. Then, for R,[f. x] of (1.10), we have

— y2ybe2
Rilfx] = flx) < <t Z (L‘) ). (1.14)

This theorem is an analog to the well-known results of Bojanic [3] and
Steckin [12].
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Recently, DeVore [4] proved that, for a given continuous function f(x) on
[—1, +1], there exists a sequence of polynomials p,(x) = u,[f. x] of degree
<nm such that, for —1 < x << =1,

)12
) — ) < ey (LN, (1.15)

. n
where w»(8) is the modulus of smoothness of order 2 of f(x). In our next

theorem we prove that there exists a sequence of polynomials Q,(f) inter-
polating f(x) at the zeros of (1.2) and satisfying an inequality similar to (1.15).

THEOREM 2. Let fec[—]1, =1] and let p,(x) be the sequence of poly-
nomials of DeVore's theorem. Then, for Q,[f. x} of (1.11), we have

(. (l _ x2)1,2 )

H

Oulf. x] — f(O)] < cyws (1.16)

THEOREM 3. Let f'(x)ec[—1, =1]. Then, for G,[f, x] of (1.12) and
—1 < x < +1, we have

2N ,
TGRS x] — fx) < ﬂ—n;)i log nw (f ;]1\) (1.17)

where w(f', 8) is the modulus of continuity of f'(x).

2. PRELIMINARIES
In this section we state some well-known results which we shall use later.

Most of these are stated in [l, p. 201]). For the fundamental polynomials
1(x) we have, for —1 <{ x < 1. the following in equalities.

IH(x) < i LAx) < 1, (xy <1, j=1,2..,n. 2.0
k-1
Equation (2.1) is due to L. Fejér; see [1].
(1 — x®3 Pr_y(x) < (2nl2, n =4 (2.2)
(I — )2 P, _(x) <n— 1 (2.3)

Equation (2.2) is due to Bernstein [2]. Equation (2.3) follows from [9,
Eq. 2.19, p. 64].
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P (X)) 9’:—29@ : (2.4)

(1 — X)) Pi(x)

&)
H=

- PR 5 L

For the proof of (2.4), see [11. formula 7.33.8]. It is also known [1, pp. 202—
203] that

P, (x| = (Bmk) R k=23,..,n2; (2.5)
P, (x) = [Ba(n — | — k)=, k=ni2 - 1,..,n—1:(.6)
. K2 n
2 — — .2~ - . b)
sintf, =1 — x;2 > T k=213.., 55 2.7
g _2\_(”;1-/()'1 o, _ ,
Sin 9]; = l — X3 —'4’*“———(” — 1)2 N l\ == i + l...., 124 l (.1..8)
and
(k — 37w . ka 5 ,
"—_1‘<6k\”_] . k =23,..,n—1. (2.9)

3. SoME LEMMAS

In this section we prove several lemmas to be used in the proof of Theorems
1-3.

Lemma 3.1, Let x = cos 8 and

U—27m 4 J7 P — 2 _
P < 6 =7 P J=23...n—1 3.1
Then
'sin 8, 1 e .
. (<) [ou ( . ) - w 7_;)] ifj=korj+1i:
S = ). [ ('isin b, i ifj <k =j-+1i<n
ale =) els ’]‘ or2 <k =—j—1i<j
(3.2)
The proof depends on the inequalities
x,— v L A sin § — 871—_ . A <3 dim sin § —+ 417‘:'- . (3.3)
; n n= H n=

Equation (3.3) can be proved as (2.2) of [8].
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LEMMA 3.2, Let —! << x < +1 and let x; be that zero of P, _,(x) which
is closest to x. Then, fork =j —iand2 <i<n-—1,

(X)) < i (34
L w2)14
(1 — x2pt Gy < A= (3.5
and
AV FX U
o < L= PR (3.6)
Proof. By using the definition of x; , (3.1), and (2.9), it follows that
1 _4n L S
M\%T k =, k+j=1 3.7
One easily sees that
y . . o . 8+ 6,
(I — A2 =sin @, < sin @ — sin 8, < 2 sin 5+ (3.8)
3 . . . . 0 "1:" 0}: R
(1 — )12 =sin § < sin§ — sin 8, < 2 sin 7 3.9
and
! L (3.10)

Sn(@ - 607 Ssn (@ =021
From (2.2), (2.5)42.8), (3.7), and (3.8) it follows that

(1 — 2P Piy()
n(n — 1)sini(@ — 0,12+ P,_(x;) (sin({(8 + 8,)12)2

<€T 3.11)

Now (3.4) follows directly from (1.5), (3.9), and (3.11). Similarty (3.5)
follows from (1.5), (3.8), and (3.11). To prove (3.6), we use (1.5), (3.7).
(3.10), and (3.11).

Lemma 3.3, Let x; be a zero of P,_, closest to x. —1 <X x << 1. Then, if
k=jork=j-+1,

(1 —x 72 L(x) <ol — X2 (3.12)

(1 — x2)2

x —xp LX) < .

3.13)
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Proof. Suppose A = j (the other cases can be proved similarly).

(1 —x;22=sinf, - sinf — "sinf, —sinb
sinf - -2 sin((# — 6,)2) .
From (2.5)-(2.8) and (3.8) it follows that

sin((@ — 0,02 P, (v =2k =2 3e.n— 1. (315

n

Using (1.5).(2.1).(2.3).(3.14). and (3.15), we obtain, for k =2, 3....n — 1,

(= x " L) =20 — )2 (x) -2 sin((0 — 0,)/2)  1i(x)

(=)t — )2 Pl (x)

. (I 7.\.2)12v — .
n(n — 1) "sin((8 — 6,)/2) P,_y(x,)

sl (b — a3 2
This proves (3.12). From (1.5), (2.3} and (2.5).

(I =0 — ) PRy) (1 — )

) /2 . ) <
(1 — x) LX) prTE—: p (3.15a)
This proves (3.13) for k == |. Similarly (3.13) holds for k = n. Fork = 2. 3,..,,
n — 1 we use (3.3), (2.1). (1.5). (2.7), (3.12), and (2.8), and obtain
D 4 . 872,
X —xo i LAx) < ‘ : sin 8 + 77;—) L2(x)
_ o dw , 8wl — X312 ¢psind
< , sin T "—2 (l __ _7(,\,2)1."2 S P .
from which (3.13) follows.
Lemma 3.4. If —1 << x < —1. then
n—t
}: (I — a2 2 LAY) (1 — X312, (3.16)
r=2
" a2\ 2
z N — X LAY <o (—l—”\ ) log n. (3.17)
=1

Proof. Equation (3.16) follows from (3.5) and (3.12). Also (3.17) follows
from (3.13). (3.3)-(3.6) and (3.15a).
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LemMa 3.5. Ler hy(x) and h,(x) be as in (1.7) and (1.8), Then, for —1 <
x << +1,

1 1 — x2)12
CURVORTEET 3 ol =D (3.18)
and .
n )12
D) = S I < Ly AL (3.19)
k 1
Proof. For x = —1, (3.18) and (3.19) are obvious. For —1 < x < I, it
follows from (2.2)—(2.4) that
22 (] — x2)L.2
(1 =i < AT g p 0 < GLZ
(3.20)
Also, for —1 < x < 1,
. [ — y)t.2 1 — y2)12
ol — ) < (1 — S =) el =), (3.21)
Combining (3.20) and (3.21), we obtain
: N w((l = ) o ¢ el =)
£ = ) < o MOS0 < oy AL 200
This proves (3.18). The proof of (3.19) is similar.
LemmaA 3.6. For —1 < x <1,
n-1 v 2)1 2 )12
Z 0)2((1 X ) ) [).-2(-\') < o (1.)2(([ X ) ) . (322)

=, n n
Proof. 1f x = —1, this inequality is obvious. For —1 < x < I,
wy(1 = X))

B
Using (2.1) and (3.16), we obtain
v N
< el =V [f 13(x) + 2 "z] O /fm]
S (Cheb Sl TR

n

e wy((1 — '\,2)1-22

=1 !

This proves the lemma.
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4. PROOF OF THEOREM |

From (1.10) and the fact that R,[I. x] = I, it follows that

i3

Rl x] — f(x) == Y [f(x) — ()] i)

= () — () ) — (F(— D) — F) )
- Z (FC) — O h()
Fl(.\l')_rf Fox) — Fy(0). (4.1)
From Lemma (3.5) we obtain,

B R (S 12 w((l — x?)e)
R <, 2= 7% PP ey S (4.2)

Using (3.1), we rewrite Fy(x) as

-
§

n—1

Fy(x) = Z [f(x) — F(0)] L3(x) = Z gi(x)

S gig(X) — gilX) (X)) — Z gr(x). (4.3)
k%]
ketj=1

Using (2.1) and Lemmas 3.1, and 3.3 we get

g [ ‘sm (9’ . (__)] 12(x)

. ¢ . 1 - 72
Cafu ) (g e (5 1]

. ysin# I 1)y . sin 6

e n )[2 o osin 0_] o n )

- a (1 ; ‘sm 0}

Hence

gdx) % a w (sm 0). 4.4
Similarly

-(/jr—l(-\‘) : ([_11 Z w ‘VSIZI’ q), (/:»1(-\.). i %‘L Z w( k ) . (45)
[ o




HERMITE—FEJER INTERPOLATION 193

Further, use of Lemma 3.1 enables us to write

Y g <a Y o) 4w (L] e

n

R ki
Ftjal k#j=1
~ isinfy | i (isinﬁ) L2y
=a Ze:j gw( n )*( ’ nsinﬂ.)w\ n zk(")
f£j-1
‘isin@y i L¥x) isinf
< CI[ Z w ( P \) LA(x) + I\Z 7 ;lr(l "Rt ( l n )]
[y *J '
kel k=il

Utilizing (3.4) and (3.6) yields

1 j sin 0
Z : qk(x” S Z = w (IS[I'[ ) (46)
k% iy b . N
b#j=l Tstj+l

Combining (4.1)-(4.4) and (4.6), we obtain

R X1~ f(x), < z %w (1sin 0,

i=1

As in [10], we arrive at:

| isin 8; € < (1 — x*)12

Yme (2 <2 Yo (). 4.7)
Hence

. n | — x2)12

RALA ) <Y o (L),

=1 )

This completes the proof of Theorem 1.

5. PROOF OF THEOREM 2

We know from [4] that there exists a polynomial p,[f, x] = p(x) satis-
fving the inequality

0 = ) < g (L, (5.1

n

Due to uniqueness of Hermite interpolation, we have

‘an(x) = Z /’Ln(-\-k) hk(x) + Z H':z(xk) O-A‘('\.)~ (52)
=1 k=1
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Using (1.11) and (5.2). we obtain
Onlfo ] = pnx) = Y [F(x)) — palx)] Al X).
i1

But (1.6), (5.1), and Lemma 3.6 give

n 1

COul1 X = pa(x) <D Z w,"_:L),), 2(x)

n

(1)

o CqWy | —
et i

(5.3)

Combining (5.1) and (5.3), the desired inequality (1.16) follows. This
completes the proof of Theorem 2.

6. PROOF OF THEOREM 3

For the proof of this theorem we need the following result of Teljakovski
[13. p. 171]. Let fe C'[—1. —1]. Then, for n = 9. there exnsts a sequence of
algebraic polynomials ¢,(x) of degree < such that. for —1 < x << 1.

. cl( | — )2

| — x2)L.2,
) — o), = LI ‘—_”‘#), (6.1)
and
| —
S0 = ) < e (DS e () 62
From (1.12), utilizing the fact that G,[¢, , x] = ¢,(x). we have
Gal/. x] = Y fx) ) + Y F/(x,) aydx) (6.3)
L=1 =1
and
Balx) = z Bo(x) hix) =+ i B o). (6.4)

From (6.3) and (6.4),
Golfs X1 — dulx) = Y (flx) — (X)) hylx)
=1

= 2 (05 = () o(x)
A=l

AL(X) - Ay {6.3)



HERMITE-FEJER INTERPOLATION 195

From (1.6), (3.16), and (6.1) it follows that

1 n—-1

AW = e () T (- )

nl [z,
<G e =
L =) e (f ). (6.6)

Next, we estimate Ay (x). For this purpose, we use (6.2) and (3.17), and

obtain

N B .
A L o ‘f R E) Z . ox(X)
T ok=L

li'21-2 o 15
<o ‘_"‘—) log nw (£, ). (6.7)

From (6.5) and (6.7). we conclude that

(l ‘ x:Z)l,Z
1

Galf. x] — (ﬁn(x) < 6

log res 1. %) 6.8)

Combining (6.1) and (6.8), we have

GlAix]—f0) <

(I — )Lz e 1y
- log nw {f , n].

This completes the proof of Theorem 3.

[85]

REFERENCES

. J. Barazs axp P. Turax, Notes on interpolation, [, Acta Marh. Sci. Hungar. 9 (1958),
195-214.

. S. N. BERNSTELN, Sur les polynomes orthogonaux relatifs a un segment fint, IL, J. Marh.
Pures Appl. 1~ (1931), 219-286.

. R. Bosaxic. A note on the precision of interpolation by Hermite-Fejér polynomials,
in “Proceedings, Conference on Constructive Theory of Functions, Akademiaikiado
Budapest, 1972, pp. 69-76.

. R. A. DEVoRE, Degree of approximation, in ‘"Approximation Theory II” (G. G.
Lorentz, C. K. Chui, and L. L. Schumaker, Eds.), pp. 117-161, Academic Press,
New York, 1976.

. L. FriEr, Uber Interpolation, Nachr. Gesellschaft Gittingen (1916), 66-91.

. L. FeJEr, Beste Approximerbarkeit einer gegebenen Funktion durch ein polynom
gegebenen Grades, Math. Nachr. (1950), 328-342,

. G. GrUNWALD, On the theory of interpolation, Acta Math. 75 (1943), 219-245.

. 0. Kis, Remark on the order of convergence of Lagrangian interpolation, Ann. Univ.
Sci. Budapest. Eétrds Sect. Math. (1968), 27-40.

. T. J Rivuy, "The Chebyshev Polynomials,” Wiley. New York, 1974.



196 VARMA AND PRASAD

10. R. B. SAaxena, A note on the rate of convergence of Hermite-Féjer interpolation
polynomials, Canad. Math. Bull. 17 (1974), 299-301.

11. G. SzeGo, “‘Orthogonal Polynomials,”” Amer. Math. Soc. Coll. Pub., Vol. 23, Amer.
Math. Soc., Providence, R. L., 1967.

12. S. B. SteckKIN, The approximation of periodic functions by Fejér sums, 7rudy Math.
Inst. V. A. Steklora 62 (1961), 48—60 (in Russian).

13. S. A. Tecuakovskl, Two theorems on the approximation of functions by algebraic
polynomials, Trans. Amer. Math. Soc., Ser. 2, 77 (1968), 163-178.

14, P. Vertest, Estimates for some interpolatory processes, Acta Math. Acad. Sci. Hungar.
27 (1-2) (1976), 109-119.



