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1. INTRODVCTION

Let us denote by

-1 =Xn <Xn - l < ... <X2 <Xl = +1,

the n distinct zeros of

(1.1)

(1.2)

where Pn(x) is the Legendre polynomial of degree n with the normalization

(1.3)

Let/(x) be a continuous function defined in [-1, +1]. The Hermite inter­
polation polynomial based on the zeros of (1.2) is given by

where

n n

HnLf, x] = L !(x/c) h,,(x) + L (\/cG/c(x),
/c-l Ie-I

k = 1,2'00.,11,

k = 2, 3,..., 11 - I,

185

(1.4)

(1.5)

(1.6)
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. [ n(1/ - 1)( I -+-- X)] 2 .h,,(.\) --- 1 - 2 II/ (.\),

( 1.7)

( I.~)

( 1.9)

Special cases of H"L!: x] are

r,

R"L!; x] = L f(xd hdx).
I.. ~I

~ ~

Q,,[t: x] = L f(xd hk(x) +- L P.~(XI,) ak(x),
1. ---=1 I, =1

and
u n

G"Lf. x] = L f(xd hk(x) -- L /'(.\;.) (J/,,(X).
k-I I-I

( 1.10)

(1.11 )

( 1.12)

Fejer [5,6] and Grunwald [7] considered these interpolatory polynomials.
R,,[f. x]. Q,,[.f. x], and G,,[f x] interpolate f(x) at the knots (1.1), but
R"Lt: x] has slope zero at all x;.'s whereas Q"Lf. x] has slope p.;,(x;.) at and
x,; G"L!: x] has theref'(xd as slope.

The main object of this paper is to obtain quantitative estimates of H r,

[f. x] - f(x) which reflect both the pointwise behavior at the end points as
well as the dependence on the smoothness of the function along the lines of
the well-known estimates of Steckin [12] for the Fejer operator. Throughout
this paper C1 denotes an absolute positive constant independent of n and x
which may vary throughout the text and even within a single statement.

Let c,J -1,--1] be the class of continuous functions on [-I, - I] for
which

w,(b) s;. cW(D), (1.13 )

where wilD) is the modulus of continuity of fand w(D) is a certain modulus of
continuity. We now state our main results.

THEOREM I. Let f(x) E c<o[-I, ~ I]. Then, for R,,[f. x] of (1.10), Ire hare

. c" , (I - X 2)1 ,2 .
RI/[f, x] - (x) >c, -.!. L W I I. (1.14)

. . n k-I II

This theorem is an analog to the well-known results of Bojanic [3] and
Steckin [12].



HERMITE-FEJER INTERPOLAnON 187

Recently, DeVore [4] proved that, for a given continuous function/(x) on
[-I, -;-1], there exists a sequence of polynomials fLnCx) == fLn[f x] of degree
~n such that, for -1 :::;; x:::;; ~I,

(1.l5)

where wz(S) is the modulus of smoothness of order 2 of lex). Tn our next
theorem we prove that there exists a sequence of polynomials QnCf) inter­
polating/(x) at the zeros of (1.2) and satisfying an inequality similar to (1.15).

THEOREM 2. Let f E c[-I, ~ I] and let fLnCx) be the sequence of poly­
nomials of DeVore's theorem. Then,for QnLt: x] of (I.] I). Ire have

( 1.16)

THEOREM 3. Let I'(x) E c[-I, ~I]. Then, for Gn[f x] of (l.l2) and
-] :::;; x :::;; + I, we haDe

_ (I - x 2)1 2 • , I
: Gn[f.x]-f(x) 'SCt Iognw(f,-). (1.17)

11 • 11

where w(f', S) is the modulus of continuity ofI'(x).

2. PRELIMINARIES

Tn this section we state some well-known results which we shall use later.
Most of these are stated in [I, p. 201]. For the fundamental polynomials
Ilx) we have, for -I :::;; x :::;; --L 1. the following in equalities.

n

I/(x) s: I h.2Cv:) :< I.
k~l

l;(x) :s:; ]. j = L 2.... ,11. (2.1 )

Equation (2.1) is due to L Fejer; see [I].

11 ~ 4: (2.2)

(2.3)

Equation (2.2) is due to Bernstein [2]. Equation (2.3) follows from [9,
Eq. 2.19, p. 64].
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(II - I )(11) .
. P;'-1(X) '> 2 . (2.4)

For the proof of (2.4), see [I L formula 7.33.8]. it is also known [I, pp. 202­
203] that

k = n/2" I, ... , n - I: (2.6)

and

, Pn-1(Xk)! ;?- (81Tk)-1 ~.

P"-l(X/..) ;:, [81T(n~~ I - k)]-l~.

k~

sin2 Bk = I - x;/ :> --:4--;-(/~1 -~----:-;:L)~~ •

(n - 1 - k)2
4(11 - 1)2

(k - i)1T k1T
----'=:-- < Bk < --I .11-1 JI-

3. SOME LEMMAS

k = 2, 3, ... , JI/2;

JI
k ~~ 2,3.... '2 ;

k == ~ + 1,. .. , 11 - I:

k ,= 2, 3'00" /1 - I.

(2.5)

(2.7)

(2.8)

(2.9)

In this section we prove several lemmas to be used in the proof of Theorems
1-3.

LBIMA 3.1. Let x = cos eand

(j - 2)" 0:; B '::~ •
11-1 ' 'n-I'

The/1

J = 2.3..... n - I. (3.1 )

1
[ (sin e, I ]

C1 W -)- W j---;,-) .
" . /1 '. n-

o C
1

[w Iisin BI - 0) I i: )].
11 ·n

if) ,= k or j ± I;

ifj < k ,~~ j ., i:;,; 11

or 2 :<; k = j - i < j.
(3.2)

The proof depends on the inequalities

4 Q 0
, ..... 7T .. 07/-

\' - \' <0 - Slll e - --
o .. • '00 /1 n2 (3.3 )

Equation (3.3) can be proved as (2.2) of [8].
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LEMMA 3.2. Let -1 ~ x ~ +1 and let Xj be that zero of P~_l(X) which
is closest to x. Then,for k = j ~ i and 2 ~ i ~ n - 1,

( l 2)1'4

(1 _ - 2)1;4 I ( )' ~~ C1 - X ' •.\/.: . /.: X ~ . ,
I

and

Proof By using the definition of Xj , (3.1), and (2.9), it follows that

(3.4)

(3.5)

(3.6)

sin !(B - B/.:)/2 I

One easily sees that

__ 4n
:s. T' k c:= j, (3.7)

(1 2)1 2 . B ~ . B' . B 2' B --i- B/.:- .'-,. r = sin .. <. sin sin < sin .
'k, • '." - k '-" ~'

(1 - X 2)1,'2 = sin B :;::::; sin B -:- sin Bk ~ 2 sin e~ BI: ;

and

1 <" 1
sin«B +- Bd/2) ......,sin '(B - B1..)/2 i .

From (2.2), (2.5)-(2.8), (3.7), and (3.8) it follows that

(3.8)

(3.9)

(3.10)

(l - X 2)3/4 : P~-1(x)i c,
n(n - 1) sin '(B - B/:)/2: Pn-lx,,.)I (sin«(B + B".)/2»1'2 ~ f· (3.11)

Now (3.4) follows directly from (1.5), (3.9), and (3.11). Similarly (3.5)
follows from (1.5), (3.8), and (3.11). To prove (3.6), we use (1.5), (3.7).
(3.10), and (3.11).

LEM~4A 3.3. Let Xj be a zero ofP~-l closest to x. -1 0-( x oS; -':"'1. Then, if
k = j or k = j --L 1,

(3.12)

(3.13)
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Proof Suppose k = j (the other cases can be proved similarly).

(I - X,.")1 " = ~in el, sin e-· ' sin IJ,. - sin 8

sin 0 2 sin«e - 0,,.):2)

From (2.5)-(2.8) and (3.8) it follows that

/.. ····2.3..... /1 - I. (3.15)

Using ( 1.5). (2.1). (2.3), (3.14). and (3. I5), we obtain. for k = 2, 3..... 11 - I,

( 1 ")1 '2( 1 ")1'" P' ( )" (I _ .")1" _ - x-, - X" ," n-l X

.\ 11(11 - I) , sin«8 ~ 8k )!2Y P n - 1(x,J

This proves (3.12). From (1.5). (2.3) and (2.5).

I
_ .) I 2( ) = (I - xl( 1 ~ x") p~2_1(X)

( .\ 1 X 2( 1)2 >-11 n- 11
(3.15a)

This proves (3.13) for k = I. Similarly (3.13) holds for k = n. For k = 2. 3.... ,
n - I we use (3.3), (2. I). (1.5). (2.7), (3.12), and (2.8), and obtain

. .! 2 • /' 41T. 81T" 2 •
.\ - .\,. Ilk (.\) ~. 1-- SIn 8 T -2) Ik· (.\)

, 11 11 .

from which (3. I3) follows.

LEMMA 3.4. If -1 < x < - I. then

71-1

I (l - XI,.2)1" I;/(x) :..c:: ('1(l - X 2)1 ". (3.16)
1,'=2

Proof Equation (3.16) follows from (3.5) and (3.12). Also (3.17) foil 0\\ s
from (3.\3). 0.3)-(3.6) and (3.15a).
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LEMMA 3.5. Let h1(x) and hix) be as in (1.7) and (1.8). Then, for -1 ~

x ~--;-1,

and

I "(-1) _ f( ) I ( ) "" ~ ~ w«(l - X
2
)12)f , X 'n X ~ 11 L k .

1:~1

(3.19)

Proof For x = =1, (3.18) and (3.19) are obvious. For -1 < x < 1, it
follows from (2.2)-(2.4) that

(1
_ .) I ( ) «\,:..:...(1 ",_·2_)1_,2

.X I" X ~-

11 (3.20)

Also, for -1 < x < I.

(3.21)

Combining (3.20) and (3.21), we obtain

, f(I) - f( .)' I ( .) os::: w«(l - X
2

)1,'2) os::: ~ ~ w«(1 - x 2)1,2)
.X 11 ·X -~ C1 "", L k .

. 11 11 1..~1

This proves (3.18). The proof of (3.19) is similar.

LEMMA 3.6. For -1 ~ x ~ 1,

n-l «I 2)12) «I 2)1,2)"W2 - X I: I 2() / w2 - X
L .' x ~ Cl .
1,~2 11 11

Proof If x = == 1, this inequality is obvious. For -1 < x < 1,

«I 2)1/2) , 2( I . 2)1;2 « I 2)1 '2)w 2 - X.. os::: (1 _ - .\.. ) W 2 - X

11 '" (1 - X 2 )l!2 , 11 •

Using (2.1) and (3.16), we obtain

n -1 «1 2)1 12)I W2 - XI: ' II/(x)
1:~2 11

« I .2)1 '2) ["-1 "-1 (I .2)1 2 1<: W2 - .\ " I 2( .) --L 2" - .\ I: . I 2( )
- L I:.X' L (I _ 2)1'2 I: X

11 1,~2 1:~2 X .

.; win - X
2
)12). [I --'- 2cd

11

/' w2«1 - X2)12)
'-:O;C1 II -.

This proves the lemma.

(3.22)



192 VARMA A:-;D PRASAD

4. PROOf Of THEOREM

From (1.10) and the fact that Rn [1. x] =0. I, it follows that

"RnLt; x] - f(x) C~ I [f(.X-I;) - lex)] hl;(x)
1,~1

n-1

-'- I (J(XI;) - lex»~ hl;(x)

(4.\ )

From Lemma (3.5) we obtain,

1 " « I 2)1/2)
F,(x)' '0;; - I W - x .

" 11 k~1 k (4.2)

Using (3.1), we rewrite F.,(x) as

7l-1

F3(x) = L [/(x/:) - l(x)] /,.2(X) ==-= L qk(X)
k=2 k=2

- . qi-l(x) -- ((,(x) -- qH(X), I q,,(.x-). (4.3)
k",j

k-£j=l

Using (2.1) and Lemmas 3.1. and 3.3 we get

c-. C
1

[w (sin OJ ~. (' I .1 _'I w(sin (Il f. 2(X)]
11 11 Sm ° 11 , j

~ f w (sin 0).
11 k~ 1 k

Hence

(4.4)

Similarly

.~_ ±w (sin ~),
11 I, 1 k

. . C1 ~ (sin B) 'iq,J\), --;, L... w f( .. (4.• )
, !, 1
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Further, use of Lemma 3.1 enables us to write
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[ I i sin 8). i' ( i sin 8)I ]
:;:;:; C1 L W (-- -;-- (I -+- . 8) w -- lin,,)

k.. j 1/, 11 SIll, ,1/
I,.. j 0-01

Utilizing (3.4) and (3.6) yields

(4.6)

Combining (4.1)-(4.4) and (4.6), we obtain

, [] < ~ ~ ( i sin 8)i Rn .f, x - l(x), "'" C1 L '2 W •
i~l ( ,11'

As in [10], we arrive at:

(4.7)

Hence

n (I 2)12

: Rn[f, x] - f(x) :;:;:; ~11 L W ( - t ).
'..~1

This completes the proof of Theorem I.

5. PROOF OF THEOREM 2

We know from [4] that there exists a polynomial fln[f, x] c= fln(x) satis­
fying the inequality

Due to uniqueness of Hermite interpolation, we have

n n

fln(X) = L fln(x ,:) ",,(x) + L fl;,(x,J G/:(X).
1:~1 1:~1

(5.\ )

(5.2)
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Using (1.11) and (5.2). \\e obtain

"
Qn[f: x] - fLn(x) = L [J(x/.) - fL"L'd] hk(x).

I.. · 1

But (1.6), (5.1), and lemma 3.6 give

(5.3)

Combining (5.1) and (5.3). the desired inequality (1.I6) follows. This
completes the proof of Theorem 2.

6. PROOF OF THEORE~ 3

For the proof of this theorem we need the following result of Teljakovski
[13. p. 171). letfEO e'[-1. ~I]. Then. for n? 9. there exists a sequence of
algebraic polynomials 4>n(x) of degree < n such that. for -I :::; x c-;;: -'-I.

(6.1)

and

From (1.12), utilizing the fact that Gn[cPn , x] == cP,,(x). we have

n ~

GnU x] = L /(x/) hk(x) + L f'(Xd ak(X)
7.~1 7.-~1

and

(6.2)

(6.3)

~ n

cPn(X) = L cPn(Xk) hk(x) --i- L 4>~(XI.') a/.(x). (6.4)
k~l k~l

From (6.3) and (6.4).

n

GnLt: x] - cP,,(x) = L (j(xd - $,,(x,.)) hk(x)
7.-~1

n

- L (/·(X,.) - cP~(xd) al.(x)
1.~1

(6.5)
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From (1.6), (3.16), and (6.1) it follows that

--- C1 (I .2)12 (1' 11"",,- -.\ . w ,-.
n , n.

195

(6.6)

Next, we estimate ..\lx). For this purpose, we use (6.2) and (3.17), and
obtain

(I - X 2)12 . I,
c':; c1----lognw (1', -I.

n , 11.

From (6.5) and (6.7), we conclude that

(6.7)

(\ - 2)12 .' 1
GnU x] - ePn(X) <: c1 --

X
--log nw U', -). (6.8)

n '. n.

Combining (6.1) and (6.8), we have

(I - X 2)12 . 1'
G,.[f, x] - f(x) ,::: C1 log nw U'. -j.

II '. II

This completes the proof of Theorem 3.

REFERE\;CES

I. J. BALAZS A'\'D P. TURA'\, Notes on interpolation, Hr. Acta Marh. Sci. HUllgar. 9 (1958),
195-214.

1. S. N. BERr-;STEI~, Sur les polynomes orthogonaux relatifs it un segment fini, II, J. l'vfath.
Purcs Appl. 1- (1931),219-286.

3. R. BOJA'o;Ic. A note on the precision of interpolation by Hermite-Fejer polynomials,
ill "Proceedings, Conference on Constructive Theory of Functions, Akademiaikiado
Budapest, 1972," pp, 69-76.

4. R. A. DEVORE, Degree of approximation, ill "Approximation Theory II" (G. G.
Lorentz, C. K. Chui, and L. L. Schumaker, Eds.), pp. 117-161, Academic Press,
Ne\\ York, 1976.

5. L. FEJER, Uber Interpolation, Nachr. Gesellschaft G<ittillgell (1916), 66-91.
6. L. FEJER, Beste Approximerbarkeit einer gegebenen Funktion durch ein poly nom

gegebenen Grades, Math. Nachr. (1950), 328-342.
7. G. GRUr-;WALD, On the theory of interpolation. Acta Marh. 75 (1943), 219-245.
8. O. KIS, Remark on the order of convergence of Lagrangian interpolation, Allll. Ullil'.

Sci. Budapest. E<itl'OS Sect. Math. (1968), 27-40.
9. T. J RrvLI'" "The Chebyshev Polynomials," Wiley, New York, 1974.



196 VARl\1A A'\D PRASAD

10. R. B. SAXEi'. A, A note all the rate of convergence of Hermite-Fejer interpolation
polynomials, Canad. Math. Bull. 17 (1974), 299-301.

II. G. SZEGO, "Orthogonal Polynomials," Amer. Math. Soc. Coli. Pub., Vol. 23. Amer.
Math. Soc., Providence, R. 1., 1967.

12. S. B. STECKIN, The approximation of periodic functions by Fejer sums, Trudy ,',-lath.
lnst. V. A. Steklom 62 (1961), 48-60 (in Russian).

13. S. A. TEUJAKOVSKI, Two theorems on the approximation of functions by algebraic
polynomials, Trans. Amer. Jfath. Soc., Ser. 2,77 (1968),163-178.

14. P. VERTESl, Estimales for some interpolatory processes, Acta .!lfath. Acad. Sci. HUI/gar.
27 (1-2) (1976),109-119.


